Must a primitive non-deficient number have a component not much larger
  than its radical? by Zelinsky, Joshua
ar
X
iv
:2
00
5.
12
11
5v
1 
 [m
ath
.N
T]
  2
5 M
ay
 20
20
Must a primitive non-deficient number have a
component not much larger than its radical?
Joshua Zelinsky
Hopkins School
zelinsky@gmail.com
Abstract
Let n be a primitive non-deficient number, with n = pa11 p
a2
2 · · · pakk
where the pi are distinct primes. Let R = p1p2 · · · pk. We prove that
there must be an i such that p
ai+1
i < 4R
2. We conjecture that there
is always an i such that p
ai+1
i < kR and prove this stronger inequality
in some cases.
We will write σ(n) to be the sum of the positive divisors of n. Recall,
that σ(n) is a multiplicative function. Recall further that numbers where
σ(n) = 2n are said to be perfect, numbers where σ(n) < 2n are said to be
deficient, and numbers where σ(n) > 2n are said to be abundant. A large
amount of prior work has been done on estimating the density of abundant
numbers. See for example [4] and [5].
We will write h(n) = σ(n)/n. Note that h(n) is frequently called the
abundancy of n, but it has also been referred in the literature as the abun-
dancy index of n as well as just the index of n. Note that a number is
perfect if and only if h(n) = 2, is abundant if and only if h(n) > 2, and is
deficient if and only if h(n) < 2.
One has that
h(n) =
1
n
∑
d|n
d =
∑
d|n
1
d
from which it follows that h(mn) > h(n) whenever m > 1. Motivated by
this inequality, there is a notion of a primitive abundant number. A number
n said to be a primitive abundant number if n which is abundant but where
proper all divisors of n are not abundant. There is some inconsistency
in the literature here; some authors define primitive abundant numbers as
including perfect numbers where all proper divisors are deficient. In some
respects, this is a more natural property to investigate, and we shall refer to
numbers with this property as primitive non-deficient numbers . The first
substantial work on this topic was Dickson who proved that given a fixed
k, there are only a finite number of primitive non-deficient numbers with
1
k distinct prime factors.[2] Prior work on these sets have looked at their
density. See especially [1] as well as [7] and [11]. In fact, the arguments
used in this paper can be thought of as variations of the techniques used in
[1].
Given a positive integer n, the radical of n, written R(N) is the product
of the distinct primes which divide n. That is, if n = pa11 p
a2
2 · · · pakk where
the pi are distinct primes, then R(n) = p1p2 · · ·pk. We will refer to paii as a
component of n. Equivalently, pa is a component of n if pa||n.
Our main result is the following.
Theorem 1. Suppose that N is a primitive non-deficient number and that
N = pa11 p
a2
2 · · · pakk with p1, p2 · · · pk all prime. Then there exists a j, 1 ≤
j ≤ k, such that paj+1j < 4R2.
One of the motivations of this theorem is to better understand odd per-
fect numbers. Consider an odd perfect number N with prime factorization
N = pa11 p
a2
2 · · · pakk where the pi are primes and p1 < p2 < · · · pk. We will
write R as the radical of N . That is R = p1p2 · · ·pk. Previous authors
have obtained upper bounds relating R, N and k. In particular, Nielsen [9]
showed that one must have
N ≤ R(2k−1).
In the other direction Luca and Pomerance [8] showed that
R < 2N
17
26 .
Subsequently Klurman [6] proved that there was a constant C such that
R < CN
9
14 ,
and with only a small amount of work one can take C = 4. Luca and
Pomerance’s results are part of a natural progression where R < N
1
2 is a
natural goal because bounds of the form pk < N
ǫ translate into bounds of
the form R < CǫN
1
2
+ǫ.
One of the earlier results about odd perfect number is due to Euler.
Lemma 2. (Euler) If N is an odd perfect number then we have N = pem2
for some prime p where (p,m) = 1 and p ≡ e ≡ 1 (mod 4).
Given how we have written N above, this is as saying that if N is an
odd perfect number, then all the ai are even, except for a single index s,
where ps ≡ as 1 (mod 4). We will refer to this ps as the special prime. Note
that if as > 1, then we would trivially have R < N
1
2 . Thus, most of the
work in both the paper of Luca and Pomerance and the paper of Klurman
2
focus on the case where as = 1.
Work of Ellia [3] and work of Ochem and Rao[10], show that if N is an
odd perfect number where R > N
1
2 , then its special prime must be at least
1060.
Given a positive integer n, whether or not it is perfect, we will define
Σ(n) as
Σ(n) =
∑
pa||n
1
pa+1
.
A large part of our work will involve inequalities involving Σ(n) in relation
to functions of 1
R
.
We will write H(n) = Πki=1
pi
pi−1
. It is well-known and not hard to show
that h(n) ≤ H(n) (and this inequality is strict as long as n > 1). In fact,
lim
m→∞
h(nm) = H(n).
Thus, H(n) is the best possible upper bound on h(n) when we know only
the distinct prime divisors of n, but have no other information about n.
Note that if N is perfect or abundant then we must have H(N) > 2.
Lemma 3. If x > 0 and A > 0 are real numbers and 1
x
+ 1
x2
≥ 1
A
, then
x ≤ A +√A.
Proof. Set f(x) = 1
x
+ 1
x2
. Note that f(x) is a decreasing function for x > 0.
So it suffices to verify that f(A+
√
A) ≤ 1
A
.
This is the same as verifying that
1
A
− f(A+
√
A) ≥ 0
or equivalently that
1
A
−

 1
A+
√
A
+
1(
A+
√
A
)2


which is equivalent to verifying that(
A+
√
A
)2
− A
(
A+
√
A
)
− A ≥ 0. (1)
The left-hand side of Equation 1 simplifies to A
3
2 so we are done.
3
Theorem 4. Let N be an odd perfect number with N = pa11 p
a2
2 · · · pakk with
p1 < p2 < · · · < pk. Then
k∑
i=1
1
pai+1i
+
(
1
pai+1i
)2
≥ 1
R(N)
− 1
2R(N)2
.
Proof. Assume as given. Let N be an odd perfect number with N =
pa11 p
a2
2 · · · pakk with p1 < p2 < · · · < pk. We will write R = R(N).
Since N is perfect, we must have H(n) =
∏k
i=1 pi∏k
i=1 pi−1
> 2.
Since H(n) is a rational number with denominator
∏k
i=1 (pi − 1) we must
have
H(N) ≥ 2 + 1∏k
i=1 (pi − 1)
. (2)
We have
2 =
σ(N)
N
= H(N)
k∏
i=1
pai+1i − 1
pai+1i
≥
(
2 +
1∏k
i=1 pi − 1
)
k∏
i=1
pai+1i − 1
pai+1i
. (3)
We have then
2 ≥ 2
(
1 +
1
2
∏k
i=1 pi − 1
)
k∏
i=1
pai+1i − 1
pai+1i
.
Note ∏k
i=1 pi∏k
i=1 pi − 1
> 2,
and so
2 ≥ 2
(
1 +
2
2R
) k∏
i=1
pai+1i − 1
pai+1i
.
This is the same as
1 ≥
(
1 +
1
R
) k∏
i=1
pai+1i − 1
pai+1i
=
(
1 +
1
R
) k∏
i=1
(
1− 1
pai+1i
)
.
Taking the logs of both sides we obtain
0 ≥ log
(
1 +
1
R
)
+
k∑
i=1
log
(
1− 1
pai+1i
)
.
We note that for any x ≥ 0, log(1 + x) ≥ x − x2
2
. For any 0 ≤ y ≤ 1
2
,
log(1− y) ≥ −y − y2. We thus have
4
0 ≥ 1
R
− 1
2R2
−
(
k∑
i=1
1
pai+1i
+
(
1
pai+1i
)2)
,
and so
k∑
i=1
1
pai+1i
+
(
1
pai+1i
)2
≥ 1
R
− 1
2R2
.
Theorem 5. Let N be an odd perfect number with N = pa11 p
a2
2 · · · pakk with
p1 < p2 < · · · < pk. Set R = R(N) = p1p2 · · · pk. Then there is an i where
1 ≤ i ≤ k such that
pai+1i ≤ kR +
√
2kR + k + 1.
Proof. From 4 we have that there must exist an i such that
1
pai+1i
+
(
1
pai+1i
)2
≥ 1
k
(
1
R
− 1
2R2
)
≥
(
1
R
− 1
R2
)
=
1
k
1
R
− 1
R2
.
We may then invoke Lemma 3, to conclude that
pai+1i ≤
k
1
R
− 1
R2
+
√
k
1
R
− 1
R2
≤ kR
(
1 +
1
R
+
2
R2
)
+
√
k
√
R
(
1 +
1
R
+
2
R2
)
.
We have
kR
(
1 +
1
R
+
2
R2
)
+
√
k
√
R
(
1 +
1
R
+
2
R2
)
≤ kR + k + 2k
R
+
√
k
√
2R,
from which the result follows since 2k
R
< 1.
The obvious question here is if we can extend this result to primitive
non-deficient numbers. The only time we used in the proof of Theorem 5
that N was perfect was in the first step in Equation 2. One question then
is whether we can at least get a result similar to Theorem 5 for primitive
non-deficient numbers. This seems difficult using the method above. In
particular, under the assumption that N is a primitive deficient number,
we can bound h(n) by a number slightly above 2, and then try to use the
same sort of argument. Given that, we can get a slightly weaker bound in
some circumstances.
The following conjecture seems plausible.
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Conjecture 6. Let N be a primitive non-deficient number with N = pa11 p
a2
2 · · · pakk
with p1 < p2 < · · · < pk. Set R = R(N) = p1p2 · · · pk. Then there is an i,
1 ≤ i ≤ k such that
pai+1i < kR.
If Conjecture 6 is true, then Theorem 5 would be trivially implied. This
would also render Theorem 5 essentially uninteresting from as a tool for
understanding odd perfect numbers However, we do not at this time see
how to prove Conjecture 6 in the special case where N is anr odd perfect
numbers.
We can however show that the conjecture is true for even primitive defi-
cient numbers. We also can show a slightly weaker result for odd primitive
deficient numbers.
We will say that a positive integer n satisfies the radical inequality , if
there is a prime p and integer a such that pa||N , and pa+1 < kR(n). Notice
that this definition does not assume that n is primitive non-deficient.
The following Lemma is well-known
Lemma 7. Let n = 2mq. where q is an odd prime. Then n is a primitive
non-deficient number if and only if
q > 2m >
q
2
.
Proof. It is straightforward to check that a number of the form 2mq is
deficient if 2m < q
2
and is not deficient if 2m > q
2
. If 2m > q, then since
2m−1 > q
2
, we would have 2mq is non-deficient but not primitive.
We have then:
Proposition 8. Let N be an even primitive non-deficient number, and let a
be the integer such that 2a||N . Then 2a+1 < R. Thus, every even primitive
non-deficient number satisfies the radical inequality.
Proof. Let N be an even primitive non-deficient number. Let a be the
positive integer such that 2a||N . If N were a power of 2, it would be
deficient, so N must have at least one odd prime divisor. Call that divisor
p. From Lemma 7, we must have 2a < p, so 2a+1 < 2p ≤ R.
Even primitive non-deficient numbers are much more common than odd
primitive deficient numbers, so we can say that the conjecture is at least
true for most primitive non-deficient numbers.
Let us now concentrate on odd primitive non-deficient numbers which
are not necessarily perfect.
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Lemma 9. Suppose that n = pa11 p
a2
2 · · ·pakk with p1, p2 · · ·pk all prime. Sup-
pose p1 < p2 < · · ·pk. Suppose further that ai = 1 for some 1 ≤ i < k.
Then n satisfies the radical inequality.
Proof. Assume as given. Then since pi is not the largest prime factor of N ,
we have that p2i < pipi+1 ≤ R < kR.
We thus may restrict ourselves to understanding primitive non-deficient
numbers such that every prime factor except possibly the larges is raised to
at least the second power.
Lemma 10. Let N be a primitive non-deficient number, and let N =
pa11 p
a2
2 · · · pakk with p1, p2 · · · pk all prime. Suppose that a1 ≥ 2. Then
h(N) <
(
2− 1
pa1−11 p
a2
2 · · · pakk
)(
1 +
1
pa11 − 1
)
.
Proof. Let N be a primitive non-deficient number, and let N = pa11 p
a2
2 · · · pakk
with p1, p2 · · ·pk all prime. We have that pa1−11 pa22 · · · pakk is deficient, since
N is primitive. Thus, h(pa1−11 p
a2
2 · · · pakk ) < 2. Since,
h(pa1−11 p
a2
2 · · · pakk ) =
σ(pa1−11 p
a2
2 · · · pakk )
pa1−11 p
a2
2 · · · pakk
,
we have that
h(pa1−11 p
a2
2 · · · pakk ) ≤ 2−
1
pa1−11 p
a2
2 · · · pakk
.
Then
H(N) = h(pa1−11 p
a2
2 · · · pakk )
σ(pa11 )
p1σ(p
a1−1
1 )
≤
(
2− 1
pa1−11 p
a2
2 · · ·pakk
)
σ(pa11 )
p1σ(p
a1−1
1 )
.
Thus, the inequality will be proved if we can show that
σ(pa11 )
p1σ(p
a1−1
1 )
< 1 +
1
pa11 − 1
.
We have
σ(pa11 )
p1σ(p
a1−1
1 )
=
p
a1+1
1
−1
p1−1
p1
(
p
a1
1
−1
p1−1
) = pa1+11 − 1
p1 (p
a1
1 − 1)
=
pa11
pa11 − 1
− 1
p1 (p
a1
1 − 1)
≤ 1+ 1
pa11 − 1
.
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Proposition 11. Suppose that N is a primitive non-deficient number and
let N = pa11 p
a2
2 · · · pakk with p1, p2 · · · pk all prime. Suppose that aj ≥ 2 for
some j, with 1 ≤ j ≤ k. Then
k∑
i=1
1
pai+1i
+
(
1
pai+1i
)2
≥ 1
R(N)
− 1
2R(N)2
− 2
p
aj
j − 1
.
Proof. The proof of this result is essentially the same as the Proof of Theo-
rem 4, but we replace the 2 = σ(N)
N
in Inequality 3 with 2+ 2
p
a1
1
−1
≥ σ(N)
N
.
Proposition 12. Suppose that N is a primitive non-deficient number and
let N = pa11 p
a2
2 · · · pakk with p1, p2 · · ·pk all prime. Suppose that ai ≥ 2 for
all i with 1 ≤ i ≤ k. Then there exists a j such that paj+1j < 8R
3
2 .
Proof. Based on earlier results, we may assume that N is odd. Since any
non-deficient odd number must have at least three distinct prime factors,
we may also assume that N has at least three distinct prime factor. Set
R = R(N). From Proposition 11 there must be an i such that
1
pai+1i
+
(
1
pai+1i
)2
≥ 1
k
(
1
R
− 1
2R2
− 2
paii − 1
)
.
We will consider two cases: 2
p
ai
i −1
≥ 1
2R
, and 2
p
ai
i −1
< 1
2R
.
Case I: 2
p
ai
i −1
≥ 1
2R
. We have then that paii ≤ 4R+1. Since pi|4R and R
has at least two distinct prime divisors we must have paii ≤ 4R − 3. Since
ai ≥ 2, we conclude that pai+1i ≤ 8R
3
2 .
Case II: 2
p
ai
i −1
< 1
2R
Then we have
1
pai+1i
+
(
1
pai+1i
)2
≥ 1
k
(
1
2R
− 1
2R2
)
.
We apply Lemma 3 to obtain that
pai+1i ≤
2kR
1− 1
2R
+
√
2kR
1− 1
2R
≤ 2kR + 4k + 2
√
kR ≤ 2R
(
k +
2k
R
+
√
k
R
)
.
Our result will be done if we can prove that
k +
2k
R
+
√
k
R
≤ 4R 12 .
Since N is odd, we have that k < log3R It is easy to verify that for all
x > 1, one has
log3 x+
2 log3 x
x
+
√
log3 x
x
≤ 4x 12 .
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We would like to be able to extend these sorts of results to the remaining
type of primitive non-deficient numbers, namely those which are odd and
who have the largest prime factor raised to the first power, with all other
prime factors raised to at least the second. However, using these techniques
in the same way as above, the most we are able to get is the following:
Proposition 13. Suppose that N is a primitive non-deficient odd number
and let N = pa11 p
a2
2 · · · pakk with p1, p2 · · · pk all prime. Suppose that ai ≥ 2
for all i with 1 ≤ i < k, and ak − 1. Then there exists a j, 1 ≤ j ≤ k, such
that p
aj+1
j < 4R
2.
The method of proof is essentially identical. We will omit the proof
because it is a straightforward application of the same technique.
Putting together Proposition 8, Proposition 12, and Theorem 13 we ob-
tain Theorem 1.
One natural question is how restrictive are the results in this paper. Let
A be the set of positive integers n satisfying the radical inequality (whether
or not they are primitive non-deficient numbers). Then it is not difficult to
see that A has natural density 1. We can make a stronger statement: Let
A1 be the set of n such that there exists a prime p and a where p
a||n and
pa+1 < R(n). Then A1 is a subset of A and also has density one. Since the
primitive non-deficient numbers have density zero as proved in [1], this is
an additional reason to find Conjecture 6 plausible.
However, similar density considerations make Theorem 5 at some level
less interesting. In [12], the author defined a notion of weak and strong
restrictions on what an odd perfect number could look like.
Following [12], set E to be the set of numbers of Euler’s form for an odd
perfect number. That is, n ∈ E if n = pam2 where p is prime, p ≡ a ≡ 1
(mod 4), and (p,m) = 1. Let P be a given property of a positive integer.
We write EP to be set of elements of E satisfying P . Writing B(x) to be
the number of elements in a set B which are at most x, we say that P is a
weak property if
lim
x→∞
EP (x)
E(x)
= 1.
The author observed that many properties people have proven about
odd perfect numbers (say that an odd perfect number must have at least
k distinct prime factors for some value k) are weak properties. Note that
establishing any finite collection weak properties can be sufficient to prove
that there are no odd perfect numbers. Note then that Theorem 5 is a weak
property in the above density sense.
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